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Time-reversal symmetry breaking superconductors are exotic phases of matter with fascinating
properties, which are, however, encountered rather sparsely. Here we identify the possibility of re-
alizing such a superconducting ground state that exhibits an f + is pairing symmetry in strained
graphene. Although the underlying attractive interactions need to be sufficiently strong and com-
parable in pristine graphene to support such pairing state, we argue that strain can be conducive
for its formation even for weak interactions. We show that quantum-critical behavior near the tran-
sition is controlled by a multicritical point, characterized by various critical exponents computed
here in the framework of an ǫ-expansion near four spacetime dimensions. Furthermore, a vortex in
this mixed superconducting state hosts a pair of Majorana fermions supporting a quartet of insulat-
ing and superconducting orders, among which topologically nontrivial quantum spin Hall insulator.
These findings suggest that strained graphene could provide a platform for the realization of exotic
superconducting states of Dirac fermions.
PACS numbers: 81.05.ue, 71.10.Fd, 05.30.Rt
The time-reversal-symmetry (TRS) breaking super-
conducting states are exotic phases of quantum matter,
and often arise from the competition of two pairings that
break distinct lattice or continuous symmetries. The pro-
posed realizations of such states are rather sparse and
some of the well-studied examples in two spatial dimen-
sions are the d + id pairing, discussed in the context of
high-Tc superconductivity [1], graphene[2, 3] and p + ip
pairing in fractional quantum Hall systems[4]. A realiza-
tion of the chiral, time-reversal odd f -wave pairing has
been proposed in a hole-doped semiconductor, interfaced
with a conventional superconductor and a magnetic in-
sulator [5]. Recently it has been argued that a parity
and time-reversal odd axionic p+ is pairing state can be
realized in weakly-correlated, strong spin-orbit coupled
three-dimensional doped narrow gap semiconductors [6],
such as Sn1−xInxTe [7] and CuxBi2Se3.
The low-energy electron excitations in graphene,
effectively described by the pseudo-relativistic Dirac
equation[8], can host a plethora of broken-symmetry
phases if the interactions are sufficiently strong [9]. In-
terestingly enough, it is also possible, at least in princi-
ple, to realize various relativistic superconducting orders
if the net electron-electron interaction acquires an at-
tractive component, which may be induced by the prox-
imity effect or electron-phonon interaction[10]. For ex-
ample, a strong onsite (next-nearest-neighbor) attrac-
tive interaction, U (V2), supports a spin singlet(triplet)
s(f)-wave superconductor [11, 12]; see Fig. 1 (left). Un-
conventional spatially inhomogeneous superconducting
states have also been proposed for the honeycomb lattice
when the nearest-neighbor pairing interaction is strong
enough[10].
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FIG. 1: Left: A schematic T = 0 phase diagram with on-
site (U) and next-nearest-neighbor (V2) attractions. Uc and
(V2)c are the critical strength of pairing interactions driving
superconducting instabilities of the Dirac semimetal (SM).
Right: two possible scenarios for two-stage transitions at fi-
nite temperatures: (a) when the s-wave transition tempera-
ture T sC > T
f
C ; (b) when the f -wave transition temperature
T fC > T
s
C (temperature decreases in the direction of the ar-
row). In the cascade transitions global charge (U(1)), spin-
rotation symmetries (SU(2)s), and TRS are broken.
Strain when combined with proximity effect may pro-
vide an ideal setting for realizing superconductivity in
graphene. The effect of the strain or buckling can be cap-
tured by a time-reversal-symmetric axial magnetic field
[13, 14], which irrespective of its spatial profile, always
brings a large number of states at zero energy [13, 15].
Henceforth, even sufficiently weak attractive interactions
can give rise to pairings [16, 17]. These special, and topo-
logically protected flat band at zero-energy in strained
graphene [18] live on one sublattice in the bulk, while
those residing on the other sublattice can only be found
near the boundary of a finite graphene system [15, 19].
Therefore, application of strain to half-filled graphene in
proximity of a superconductor naturally selects only the
intra-sublattice s- and f -wave pairings, since the pairing
occurs exclusively among the lowest energy states which,
in turn, reside on only one sublattice [11, 12]. Remaining
two fully gapped paired states, namely the Kekule super-
conductors [10], couple two sublattices and are therefore
excluded. One can thus induce a competition between s-
and f -wave pairings by placing a strained graphene flake
in proximity to a regular s-wave, as Nb, and an uncon-
ventional odd-parity triplet superconductor, e.g., UPt3,
upon suppressing residual weak repulsive interactions at
Dirac points[9, 10, 20]. Several questions then arise in
this physical context: (i) What is the nature of the pair-
ing symmetry of the ultimate superconducting state re-
sulting from the competition of the s- and f -wave pair-
ings? (ii) What is the effective field theory that captures
the phase transition when these two pairings compete?
(iii) How does the axial field influence such transition,
besides being its catalyst?
We here address the competition between s- and f -
wave pairings and the emergent superconducting multi-
criticality using a perturbative ǫ(= 4−d)-expansion close
to the upper critical d = (3 + 1) space-(imaginary-)time
dimensions [21, 22] of the effective Gross-Neveu-Yukawa
theory. This theory contains both Lagrangians describing
the quantum criticality in the vicinity of these two tran-
sitions separately, as well as incorporates the coupling
of these two order-parameters(OPs). When the pairing
interactions in the two channels are comparable, a TRS
breaking f + is or s + if state emerges at low temper-
atures; see Fig. 1 (right). In contrast to a pure bosonic
system [23–25], transition to either of these two states is
governed by a Z2⊗O(3) symmetric mixed Gross-Neveu-
Yukawa multicritical point due to the nontrivial Yukawa
couplings, resembling in this regard the situation near
an insulating quantum critical point of Dirac fermions
[26]. The scaling of the pairing amplitudes with the ax-
ial field is essentially governed by a set of critical expo-
nents computed in its absence. Recent surge of experi-
mental works to realize and tune the strain-induced ax-
ial magnetic field in real and artificial graphene [27–29],
observation of proximity induced superconductivity in
graphene resting on metallic Rhenium, with TC ∼ 2.1K
[30] and search for the exotic broken-symmetry phases in
this setup [15, 16, 31] make our study important, timely,
and experimentally pertinent.
The dynamics of the free Dirac fermions, living around
±K points, where K = (1, 1/√3)(2π/a√3), with a ≈
3A˚ as the lattice constant, is captured by a relativis-
tically invariant Lagrangian Lf = Ψ¯(x)σ0 ⊗ γµ∂µΨ(x).
The eight-component Dirac-Nambu spinor, invariant un-
der the spin rotations, generated by ~S = ~σ ⊗ I4, is
defined as Ψ†(k) = [Ψ†+(k),Ψ
†
−(k)], where Ψ
†
σ(k) =[
u†σ(k), v
†
σ(k), σu−σ(−k), σv−σ(−k)
]
. Here, k ≡ (ω,k) is
the three-momentum, k = K+q, |q| ≪ |K|, and summa-
tion over repeated indices is assumed. σ = ± are the spin
projections along the z-axis, uσ, vσ are the spinor compo-
nents on the two sublattices, and as usual Ψ¯ ≡ Ψ†σ0⊗γ0
[32]. The real (ϕ) and the imaginary (χ) parts of the
s-wave order parameter (OP) are defined as
Φ(x) = 〈Ψ¯(x)σ0 ⊗ (I4cθ + iγ5sθ)Ψ(x)〉 ≡ ϕ(x) + iχ(x),(1)
after rotating the spinor as Ψ → UΨ with U =
exp[iπ
4
σ0⊗ γ3], c ≡ cos and s ≡ sin. Such rotation leaves
Lf invariant and allows the extension of the theory from
the physical (2 + 1)- to (3 + 1)-dimensions. The cou-
pling of the s-wave OP with the gapless Dirac fermions
assumes the form of the Yukawa interaction
Lsb−f = g1s ϕ
(
Ψ¯σ0 ⊗ I4Ψ
)
+ g2s χ
(
Ψ¯σ0 ⊗ iγ5Ψ
)
, (2)
with g1s/2s ∼ U . The effective theory describing the
transition into the s-wave superconductor is given by
Ls = Lf + L
s
b−f + L
s
b, with
Lsb =
∑
α=ϕ,χ
[
1
2
(∂µα)
2
+m2αα
2+
λα
4!
α4
]
+
λϕχ
12
ϕ2χ2, (3)
as the Ginzburg-Landau Lagrangian describing the dy-
namics of the singlet OP. The superconducting mass
m2α ∼ (U − Uc), where Uc is the zero-axial-field criti-
cal onsite attraction for s-wave ordering. We here allow
a generic situation where the Yukawa and the bosonic
couplings for the real and the imaginary parts of the OP
are different. As we show near the multicritical point
for the transition into the f + is (s+ if) state, only one
Yukawa and bosonic quartic couplings are nontrivial.
Analogously, the effective theory Lt = Lf +L
t
b−f +L
t
b,
defined below, describes the universal behavior near the
transition into the triplet f -wave paiting. The real (~ϕ)
and imaginary (~χ) part of the f -wave OP ~Φ(x) ≡ ~ϕ(x)+
i~χ(x), is obtained from Eq. (1) by replacing σ0 by ~σ. This
OP is even (odd) under the sublattice (valley) exchange
[10, 32], and its coupling with the Dirac fermions again
assumes the Yukawa form
Ltb−f = g1t ~ϕ ·
(
Ψ¯~σ ⊗ I4Ψ
)
+ g2t ~χ ·
(
Ψ¯~σ ⊗ iγ5Ψ
)
, (4)
where g1t/2t ∼ V2. The dynamics of the triplet OP is
described by the Lagrangian
Ltb =
∑
~α=~ϕ,~χ
[
1
2
(∂µ~α)
2+m2~α~α
2+
λ~α
4!
(~α · ~α)2
]
+
λ~ϕ~χ
12
~ϕ2~χ2,
(5)
a generalization of the singlet version in Eq. (3), with
m2~α ∼ V2− (V2)c, where (V2)c is the zero-axial-field criti-
cal interaction for f -wave pairing. Also here we allow for
all the bare couplings to be different.
The coupling of the singlet and the triplet OPs close
to the multicritical point is given by
Lstb =
λϕ~ϕ
12
ϕ2~ϕ2+
λχ~χ
12
χ2~χ2+
λϕ~χ
12
ϕ2~χ2+
λχ~ϕ
12
χ2~ϕ2, (6)
and their competition is described by the Lagrangian
L = Lf+L
s
b+L
s
b−f+L
t
b+L
t
b−f+L
st
b . Throughout the Let-
ter, we omit the couplings of the massless Dirac fermions
and the superconducting OPs with the fluctuating gauge
fields, since both the Fermi and the bosonic velocities
are much smaller that the velocity of light. The ulti-
mate critical behavior is, however, governed by a charged
critical point, where all the velocities are equal, although
such deep infrared critical behavior may not be accessible
experimentally due to their logarithmically slow increase
[33].
Since all the Yukawa and the quartic bosonic couplings
in this theory are exactly marginal in d = (3+ 1), we use
the ǫ-expansion about four dimensions, with ǫ = 4−d, as
the tool for studying the quantum-critical behavior. The
standard minimal-subtraction scheme [21, 34], yields the
(infrared) β-functions for the Yukawa couplings g1s, g1t
βg2
1s
= ǫg21s − (2N + 3)g41s + g21s(g22s − 9g21t + 3g22t),
βg2
1t
= ǫg21t − (2N + 1)g41t − g21t(5g22t + 3g21s − g22s),(7)
after taking Ndg
2 → g2, where Nd ≡ Sd/(2π)d and Sd ≡
2πd/2/Γ(d/2), with N(= 2 for graphene) as the number
of four-component Dirac fermions. The β-functions for
the other two Yukawa couplings, g2s and g2t, are obtained
by replacing 1 ↔ 2 in the above two β-functions. Inter-
estingly, the β-functions for the Yukawa couplings are
decoupled from the bosonic quartic couplings (λα), and
out of 16 fixed points in the four-dimensional subspace
spanned by the Yukawa couplings, only two are fully sta-
ble. One that describes the transition into the f+is state
is located at
(g∗2s)
2 = (g∗1t)
2 =
ǫ
2N
, g∗1s = g
∗
2t = 0, (8)
while the other one that corresponds to the transition
into the s+if state is obtained by replacing 1↔ 2 above.
Therefore, our renormalization group analysis suggests
that when singlet and triplet pairings compete in the
system of massless Dirac fermions, the transition is al-
ways multicritical in nature and towards the formation
of a mixed f + is or s+ if state, with TRS dynamically
broken due to the Yukawa interactions; see Fig. 1.
This outcome can further be substantiated from the
minimization of free-energy. The effective single-particle
Hamiltonian with both singlet and triplet OPs reads
H = σ0⊗iγ0~γ ·~p+
∑
x=s,f
∆xσx⊗γ0(cos θx+iγ5 sin θx), (9)
where σs/f = σ0/3, ~p is the momentum operator and we
fix the spin quantization of the f -wave OP along the z-
axis, for simplicity. Its spectrum contains two branches
of positive energy
E± =
√
p2 +∆2s +∆
2
f ± 2∆s∆f cos(θs − θf ), (10)
and the corresponding negative ones at −E±. There-
fore, the energy of the filled Dirac-Fermi sea at half filling
−(E++E−), is maximally lowered when θs−θf = ±π/2.
All the terms in Eq. (9) then enter as the sum of the
squares in the expression of energy, and the Dirac points
are maximally gapped. This constraint corresponds to
two exactly degenerate TRS breaking f + is and s + if
states, as we have found from the above renomaliza-
tion group calculation, suggesting its robustness against
fluctuations. In turn, this gives confidence that our
result could be valid beyond the leading order in the
ǫ−expansion.
Near the Yukawa fixed point in Eq. (8), where
only the imaginary (real) part of the s(f)-wave order-
parameter is nonvanishing, three bosonic quartic cou-
plings (λχ, λ~ϕ, λχ~ϕ) are nontrivial, yielding a Z2 ⊗ O(3)
symmetric critical theory. Their β-functions yield only
one fully stable fixed point, which for N = 2 (graphene)
in the critical plane (mχ = m~ϕ = 0) is located at
(λ∗χ, λ
∗
~ϕ, λ
∗
χ~ϕ) = (0.972, 0.992, 1.103)ǫ [34]. Hence, the
transition to the f + is (s + if) state is described by a
fermionic mixed critical point, where besides the Yukawa
couplings of the singlet and the triplet OPs, their quartic
interactions as well as their mutual coupling are finite. In
the absence of Yukawa couplings, two fully stable fixed
points in a Z2 ⊗ O(3) purely bosonic theory are decou-
pled (λχ~ϕ = 0). They are located at (λχ, λ~ϕ) = (2ǫ/3, 0)
[(0, 6ǫ/11)], and describe the transition into the pure sin-
glet [triplet] phase. Since the anomalous dimension of the
bosonic fields η~ϕ(= 0.020ǫ
2) > ηχ(= 0.018ǫ
2) [25], the ul-
timate criticality in the purely bosonic theory is possibly
governed by the triplet critical point [35]. In contrast, the
massless fermions, through Yukawa couplings to the crit-
ical bosonic fluctuations, stabilize the mixed multicritical
point in graphene governing the transition into the f+ is
(s+ if) state. The bicritical fixed points in our theory lie
in the unphysical regime of couplings (λ′s < 0). There-
fore, the transition into f + is (s + if) state is always
continuous in nature.
The critical theory possesses two relevant operators,
the masses mχ and m~ϕ, that tune the phase transition
into the mixed state. Their flow defines the correlation-
length exponents (νχ, ν~ϕ) = (1/2+0.509ǫ, 1/2+0.521ǫ) in
the vicinity of the above multicritical point. The anoma-
lous dimensions for spin-singlet/triplet OP and Dirac
fermions close to the transition is ηχ/~ϕ = ǫ and ηΨ = ǫ/N ,
respectively [34]. Since the mass in the f + is state is
Lorentz-symmetric, we expect weak Lorentz-symmetry-
breaking perturbations to be irrelevant and the dynam-
ical critical exponent z = 1, close to this critical point
[22]. The residue of the quasiparticle pole vanishes as
mzναηΨα with α = χ, ~ϕ, depending on the relevant direc-
tion from which f + is state is approached, and Dirac
fermions cease to exist as sharp quasiparticle excitations
at the transition. The critical exponents near the su-
perconducting multicritical point are different than the
ones in the vicinity of the pure s-wave transition, where
the correlation-length exponent is ν = 1/2 + 0.3ǫ, and
fermionic (bosonic) anomalous dimension is ηΨ = 4ǫ/6
(ηb = ǫ/6)[33].
The quantum-critical behavior near the transition
into a pure f -wave superconducting state in graphene
is described by a critical point located at (g2t , λt) =
(0.1, 0.498)ǫ, where gt ≡ g1t = g2t and λt ≡ λ~ϕ = λ~χ =
λ~ϕ~χ. The critical exponents near this critical point are
found to be ν = 1/2+0.266ǫ, ηΨ = 3ǫ/10, and ηb = 2ǫ/5
and are of a distinct non-mean-field nature [34].
As the temperature is gradually lowered, the system
first enters the dominant paired s(f)-wave state at tem-
perature T sC(T
f
C); see Fig. 1(right). Only at even lower
temperature (T f+isC ) the f + is state is reached with
TRS being broken, which can be confirmed by Kerr rota-
tion measurements [36]. This two-stage superconducting
transition leads to discontinuities in the specific heat at
the two critical temperatures. Since the f -wave pairing
is also more susceptible to generic disorders, it is also
possible that the transition temperature for the s-wave
pairing is higher than that for the f -wave pairing[38],
which is devoid of Pauli limiting field[37]. Consequently,
the lower critical field Hc1 discerns abrupt increment be-
low the second transition temperature T f+isC . Since spin
of the f -wave order can be flipped by applying a radio
frequency signal in a nuclear magnetic resonance exper-
iment, after switching off this signal, as the spin relaxes
back to the ground state, a radio frequency signal is emit-
ted.
The above critical exponents govern the scaling of the
physical quantities, such as the pairing gap, in the pres-
ence of axial fields, which catalyze the pairings without
changing the universality class of the pertaining transi-
tions. In weak axial fields, the pairing gap (∆) exhibits
the scaling
∆
g
= (lb/a)
−β/νF
[
(lb/a)
1/ν (g − gc)
]
, (11)
similar as in a finite system of the size lb, where the axial
magnetic length lb =
√
~/eb ∼ 100a for b ∼ 100T, and
therefore the continuum description remains justified.
Here, β is the OP exponent, g−gc measures the deviation
from the zero-field critical interaction (gc), and F (x) is
the scaling function [39, 40]. Standard relations between
the critical exponents then yield 2β/ν = d + z − 2 + ηb
= 2 − (ǫ − ηb), in effective d + z = 4 − ǫ dimensions,
with ηb as the anomalous dimension of the OP at the
zero-field critical point [25]. Different critical exponents
near the transition into s-wave, f -wave, and the f + is
states, therefore, lead to distinct scalings of the gap and
concomitantly their transition temperatures with axial
fields, which should serve as a clear signal of the cas-
cade two-stage transition, Fig. 1 (right). Even for weak
enough pairing interactions, ∆ ∼ gb ∼ TC(BCS approxi-
mation) in the absence of disorder [39], resulting in siz-
able pairing gaps when b ∼ 50 − 300T [27–29]. Hence,
the proposed unconventional f + is state can possibly be
realized in cleaner graphene samples, with T f+isC ∼ 1K,
as a recent experiment would suggest [30].
Type-II nature of the superconductors inducing the
mixed f + is state in graphene through proximity al-
lows us to investigate the vortex phase therein. Since
the single-particle Hamiltonian in Eq. (9) in the f +
is state represents two copies of anisotropic Jackiw-
Rossi Hamiltonian [41], a single vortex hosts two Ma-
jorana fermions [32], and supports four Dirac masses,
{σ3 ⊗ γ0, σ0 ⊗ γ0, σ1 ⊗ iγ0γ3, σ2 ⊗ iγ0γ3}, inside the vor-
tex core[32], even when real and the axial magnetic fields
are present simultaneously [42]. All these four masses
anticommute with H in Eq. (9), and leave the zero en-
ergy subspace invariant. They respectively represent the
charge-density wave (CDW), z-component of the topo-
logical spin Hall insulator, and the remaining spin com-
ponents of the f -wave superconductor. It is therefore
conceivable to realize f -wave pairing inside the vortex
core, however with different spin components than in
the bulk. On the other hand, the Zeeman coupling,
HZ = gB(~x) (σ3 ⊗ I4), where g ≈ 2 in graphene and
B(~x) representing the magnetic field, supports CDW in-
side the vortex core of the f + is state, which can be de-
tected using scanning tunneling microscopy, for instance.
In the f -wave phase the Majorana states support the easy
axis components of the Ne´el OP, represented by the ma-
trices (σ1, σ2)⊗iγ1γ2, besides the CDW and the quantum
spin Hall insulator; latter is then favored by the Zeeman
coupling [32].
To summarize, we here demonstrated the possibility of
realizing a novel TRS breaking paired ground state with
f + is symmetry in strained graphene, and addressed its
universal properties. Moreover, our results may be con-
sequential for other condensed-matter systems exhibiting
low-energy Dirac quasiparticles, such as structurally sim-
ilar monolayer silicene [43], surface states of topological
insulators, and Weyl semimetals.
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We here present details of the renomalization group calculation to the one-loop order using the Euclidean partition
function. [1]
I. COMPUTATION OF BOSONIC SELF-ENERGY
FIG. 2: One loop correction to the bosonic self-energy
Each of the bosonic order-parameters (OPs), ϕ, χ, ~ϕ, ~χ, gets renormalized due to the Yukawa coupling
g1s, g2s, g1t, g2t, respectively, and in full generality we can only consider the real part of the OPs, ϕ and ~ϕ. Then the
diagram in Fig. 2 yields
(1) = g21αSαTr
∫
ddq
(2π)d
N1α/qN1α(/q + /p)
q2(q + p)2
= g21αSαTr
∫
ddq
(2π)d
/q(/q + /p)
q2(q + p)2
= −g21α Sα 2N p2
Nd
ǫ
, (12)
with α = s, t, (N1s, N1t) = (σ0 ⊗ I4, ~σ ⊗ I4), Ss,t = 1, 3 for the singlet and the triplet OPs, respectively, /q ≡
γµqµ, and Nd ≡ Sd/(2π)d with Sd ≡ 2πd/2/Γ(d/2). Furthermore, bosonic quartic couplings contribute only to the
mass renormalization to the one-loop order. For instance, the mass of the real singlet OP is renormalized by the
vertices λϕ, λϕχ, λϕ~ϕ, and λϕ~χ. Taking into account combinatorial factors for these diagrams and the above fermion
contribution, we arrive at the renormalization conditions for the propagators of the real singlet and the triplet OPs
Zϕ(p
2 +m2ϕ,0) + 2Ng
2
1s
1
ǫ
p2 −
(
λϕ
2
+
λϕχ
6
+
λϕ~ϕ
2
+
λϕ~χ
2
)
1
ǫ
m2ϕ = p
2 +m2ϕ, (13)
Z~ϕ(p
2 +m2~ϕ,0) + 2Ng
2
1t
1
ǫ
p2 −
(
5λ~ϕ
6
+
λ~ϕ~χ
2
+
λϕ~ϕ
6
+
λχ~ϕ
6
)
1
ǫ
m2~ϕ = p
2 +m2~ϕ, (14)
while the analogous renormalization conditions for the fields χ, ~χ are obtained from the above equations by replacing
{ϕ, ~ϕ} ↔ {χ, ~χ}, and 1 → 2 in the Yukawa couplings. Here, we redefined the couplings as NdQ → Q where
Q = {g2, λ}, and the parameters with the subscript “0” are the bare ones. These conditions then yield
Zϕ = 1− 2Ng21s
1
ǫ
, Z~ϕ = 1− 2Ng21t
1
ǫ
, (15)
and the analogous expressions for the fields χ, ~χ are obtained by replacing 1→ 2. Renormalization conditions for the
masses are also readily obtained
Zϕm
2
ϕ,0µ
−ǫ −
(
λϕ
2
+
λϕχ
6
+
λϕ~ϕ
2
+
λϕ~χ
2
)
1
ǫ
m2ϕ = m
2
ϕ, (16)
Z~ϕm
2
~ϕ,0µ
−ǫ −
(
5λ~ϕ
6
+
λ~ϕ~χ
2
+
λϕ~ϕ
6
+
λχ~ϕ
6
)
1
ǫ
m2~ϕ = m
2
~ϕ, (17)
with µ being the renormalization scale.
II. SELF-ENERGY OF THE DIRAC FERMIONS
FIG. 3: One loop correction to the self-energy of the fermions
Dirac fermions receive self-energy corrections from all the four OPs through the Yukawa couplings. Singlet OP field
yields a correction (Fig. 3)
(2) = (g21s + g
2
2s)Ns
∫
ddq
(2π)d
i/q
q2
1
(q − p)2 = (g
2
1s + g
2
2s)Ns
(
1
2ǫ
)
i/pNd, (18)
with Ns = 1, while the contribution arising from the Yukawa coupling in the triplet channel is obtained by replacing
s → t and using Nt = 3 as the number of the components of the triplet OPs. The total contribution then yields the
wavefunction renormalization of the Dirac field to the one-loop order
ZΨ = 1− 1
2
(g21s + g
2
2s + 3g
2
1t + 3g
2
2t)
1
ǫ
. (19)
III. RENORMALIZATION OF THE YUKAWA VERTICES
FIG. 4: One loop correction to the Yukawa vertex.
Four Yukawa vertices are given by the matrices N = {σ0 ⊗ I4, σ0 ⊗ iγ5, ~σ ⊗ I4, ~σ ⊗ iγ5} and correspond to the
couplings gα with α = {1s, 2s, 1t, 2t}, respectively. The renormalization of the Yukawa vertex with the matrix Nα
and the coupling gα arising from the Yukawa coupling with the vertex containing the matrix Nβ and the coupling
constant gβ is given by the diagram in Fig. 4 and has the form
gαβ = gαg
2
β
∫
ddq
(2π)d
Nβ
i/q
q2
Nα
i(/q + /k
′ − /k)
(q + k′ − k)2Nβ
1
(q − k)2 , (20)
with no summation over the repeated indices α, β assumed. Setting k′ = 0 and using the identities {γ5, γµ} = 0,
~σ · ~σ = 3 and σiσjσi = −σj , we obtain
gαβ = −CαβgαNαg2βI, (21)
with
I =
∫
ddq
(2π)d
i/q
q2
i(/q − /k)
(q − k)4 = −
Nd
ǫ
+O(1), (22)
and the coefficients Cαβ given in Table I. This finally yields
gαβ = Cαβgαg
2
βNd
1
ǫ
. (23)
Renormalization conditions for the couplings g1s and g1t then read
Z1/2ϕ ZΨg1s,0µ
−ǫ + g1s(−g21s + g22s − 3g21t + 3g22t)
1
ǫ
= g1s, (24)
Z
1/2
~ϕ ZΨg1t,0µ
−ǫ + g1t(−g21s + g22s + g21t − g22t)
1
ǫ
= g1t (25)
while the renormalization conditions for the remaining two couplings g2s and g2t are obtained from above equations
by replacing 1 ↔ 2, and all the couplings are redefined as Ndg2 → g2 here. These renormalization conditions, using
Eqs. (15) and (19), yield the beta functions for the Yukawa couplings shown in the main text. For a coupling Q,
the infrared beta-function is βQ = −βUVQ = −dQ/d lnµ, where βUVQ is the ultraviolet beta-function, and µ is the
renormalization energy scale[1].
α\β 1s 2s 1t 2t
1s -1 1 -3 3
2s 1 -1 3 -3
1t -1 1 1 -1
2t 1 -1 -1 1
TABLE I: Coefficients Cαβ in Eq. (23) giving the correction to the Yukawa vertex gα arising from the Yukawa coupling gβ.
IV. RENORMALIZATION OF THE BOSONIC QUARTIC COUPLINGS
FIG. 5: Correction to the quartic bosonic couplings due to Yukawa interactions.
Each of the quartic couplings in the theory receive a correction from the fermions due to the Yukawa interactions,
see Fig. 5. Since each quartic coupling contains at most two different pairs of the bosonic fields, in general, the vertex
correction for the coupling λαβ with α, β = {ϕ, χ, ~ϕ, ~χ} (λαα ≡ λα and λαβ = λβα) has the form
δ˜λαβ = 6 g
2
αg
2
β Tr
∫
ddq
(2π)d
Nα /q Nβ
(
/p1 + /q − /p3 − /p4
)
Nα
(
/p1 + /q − /p4
)
Nβ
(
/p1 + /q
)
q2 (p1 + q)2 (p1 + q − p4)2 (p1 + q − p3 − p4)2 = 24g
2
αg
2
βN
Nd
ǫ
, (26)
with gϕ ≡ g1s, gχ ≡ g2s, g~ϕ ≡ g1t, and g~χ ≡ g2t.
A. Singlet channel
The quartic couplings are renormalized also from the bosonic fields. The vertex corrections are given by the standard
expressions[1]. For instance, quartic coupling for the real part of the singlet OP, λϕ, receives corrections from all the
vertices that contain ϕ in the index, i.e., λϕ, λϕχ, λϕ~ϕ, and λϕ~χ. Straightforward calculation of the combinatorial
factors (all the loop integrals are equal to Nd/ǫ+O(1)) gives
δλϕ = −Nd
ǫ
(
3
2
λ2ϕ +
1
6
λ2ϕχ +
1
2
λ2ϕ~ϕ +
1
2
λ2ϕ~χ
)
, (27)
and the vertex correction for λχ is obtained by replacing ϕ↔ χ above. Vertex correction for the mixed coupling λϕχ
is given by
δλϕχ = −Nd
2ǫ
(
λϕχ(λϕ + λχ) +
4
3
λ2ϕχ + λϕ~ϕλχ~ϕ + λχ~χλϕ~χ
)
. (28)
Notice that when λϕ = λχ = λϕχ ≡ λs and all the other quartic couplings set to zero, the quartic coupling for the
singlet OP, given in Eq. (3) in the main text, acquires the form λ(ϕ2+χ2)2, and from the above equations the vertex
corrections for all the three bosonic couplings in the singlet channel become equal, δλs =
5
3
λ2s, as they should be
with the coefficient that agrees with the known value. [1, 2] Moreover, when also taking into account the limit when
the two Yukawa couplings in the singlet channel are equal, g1s = g2s ≡ gs and the ones in the triplet channel set
to zero, one obtains already known beta functions for the effective Gross-Neveu-Yukawa theory for the pure s-wave
superconducting transition derived in Ref. 2 after the couplings are redefined as λ→ 3λ and g → g/√2.
B. Triplet channel
Renormalization of the λ~ϕ-vertex arises from all the couplings containing ~ϕ in the index and straightforward
computation yields
δλ~ϕ = −Nd
ǫ
(
11
6
λ2~ϕ +
1
2
λ2~ϕ~χ +
1
6
(λ2ϕ~ϕ + λ
2
χ~ϕ)
)
, (29)
while the analogous correction for the λ~χ-vertex is obtained by replacing ~ϕ↔ ~χ in the above equation. Correction to
the λ~ϕ~χ-vertex coming from the quartic couplings reads
δλ~ϕ~χ = −Nd
ǫ
(
5
6
(λ~ϕ + λ~χ)λ~ϕ~χ +
2
3
λ2~ϕ~χ +
1
6
(λϕ~ϕλϕ~χ + λχ~χλχ~ϕ)
)
. (30)
In the last section, we analyze the theory with λ~ϕ = λ~χ = λ~ϕ~χ ≡ λt and g1t = g2t ≡ gt, and all the other couplings set
to zero which describes the pure f−wave superconducting transition. We also notice that in this limit, all the three
vertex corrections above are equal, as they should be for the consistency, and yield
δλt = −7
3
λ2t
Nd
ǫ
. (31)
C. Vertex corrections for the singlet-triplet mixed couplings
Renormalization of the mixed singlet-triplet vertices in Lagrangian Lstb defined in Eq. (6) in the main text come
from the pairs of couplings in which each member contains a field whose vertex is renormalized. For instance, the
λϕ~ϕ is renormalized by λ
2
ϕ~ϕ, λϕλϕ~ϕ, λ~ϕλϕ~ϕ, λϕχλχ~ϕ, and λϕ~χλ~ϕ~χ yielding
δλϕ~ϕ = −Nd
ǫ
[
λϕ~ϕ
(
2
3
λϕ~ϕ +
5
6
λ~ϕ +
1
2
λϕ
)
+
1
6
λϕχλχ~ϕ +
1
2
λϕ~χλ~ϕ~χ
]
. (32)
The correction for the λχ~χ-vertex is obtained by substituting ϕ ↔ χ and ~ϕ ↔ ~χ. The λχ~ϕ-vertex correction is
obtained analogously and reads
δλχ~ϕ = −Nd
ǫ
[
λχ~ϕ
(
2
3
λχ~ϕ +
5
6
λ~ϕ +
1
2
λχ
)
+
1
6
λϕχλϕ~ϕ +
1
2
λχ~χλ~ϕ~χ
]
. (33)
Correction for the λϕ~χ-vertex is obtained from above by replacing ϕ↔ χ and ~ϕ↔ ~χ.
D. Renormalization conditions and beta-functions for the quartic couplings
After having obtained all the vertex corrections and the bosonic field-strength renormalizations, one can now write
the renormalization conditions for the quartic couplings which then yield the beta functions. For a coupling λαβ the
renormalization condition reads (no summation over repeated indices is assumed here)
ZαZβµ
−ǫλαβ,0 + δ˜λαβ + δλαβ = λαβ . (34)
These renormalization conditions, together with the wavefunction renormalization for the bosonic fields and vertex
corrections computed in Secs. IIIA,B,C yield the following beta functions for the quartic couplings near the critical
point describing the transition to f + is state, after setting g1s = g2t = 0, λϕ = λ~χ = λϕχ = λ~ϕ~χ = 0, as well as
λϕ~ϕ = λχ~χ = λϕ~χ = 0
βλχ = ǫλχ − 4Ng22s(λχ − 6g22s)−
1
2
(3λ2χ + λ
2
χ~ϕ),
βλ~ϕ = ǫλ~ϕ − 4Ng22t(λ~ϕ − 6g22t)−
1
6
(11λ2~ϕ + λ
2
χ~ϕ),
βλχ~ϕ = ǫλχ~ϕ − 2Nλχ~ϕ(g22s + g21t) + 24Ng22sg21t −
1
2
λχ~ϕ(λχ + λ~ϕ)− 2
3
λ2χ~ϕ, (35)
with (g1t, g2s) ≡ (g∗1t, g∗2s) with (g∗1t, g∗2s) as the critical Yukawa couplings in Eq. (8) in the main text, and rescaling
Ndλ → λ applied for each quartic coupling. The fixed points for the quartic couplings cannot be expressed in the
closed form for an arbitrary number of four-component Dirac fermions. A numerical analysis in case N = 2 as in
graphene then yields the stable fixed point for (λ∗χ, λ
∗
~ϕ, λ
∗
χ~ϕ) = (0.972, 0.992, 1.103)ǫ, which is the result quoted in the
main text.
V. CORRELATION-LENGTH EXPONENTS AND ANOMALOUS DIMENSIONS AT THE f + is
MULTICRITICAL POINT
Correlation-length exponent corresponding to the two relevant mass parameters, mχ and m~ϕ close to the f + is
critical point is determined using the corrections that these parameters get from the quartic bosonic couplings which
are obtained in the standard way[1] and yield the following renormalization conditions
Zχm
2
χ,0 −m2χ
1
2
(λχ + λχ~φ)
Nd
ǫ
= m2χ, (36)
Z~ϕm
2
~ϕ,0 −m~ϕ
1
6
(5λ~ϕ + λχ~ϕ)
Nd
ǫ
= m2~ϕ. (37)
These renormalization conditions in turn yield the beta functions for the masses
βm2χ =
(
2− 1
2
(λχ + λχ~ϕ)− 2Ng22s
)
m2χ ≡ ν−1χ m2χ (38)
βm2
~ϕ
=
(
2− 1
6
(5λ~ϕ + λχ~ϕ)− 2Ng21t
)
m2~ϕ ≡ ν−1~ϕ m2χ. (39)
These beta functions yield the correlation-length exponents
νχ =
1
2
+
1
8
(λ∗χ + λ
∗
χ~ϕ) +
N
2
(g∗2s)
2 (40)
ν~ϕ =
1
2
+
1
24
(5λ∗~ϕ + λ
∗
χ~ϕ) +
N
2
(g∗1t)
2, (41)
which, after substituting the couplings at the multicritical point, yield the values of the correlation-length exponent,
reported in the main text.
Anomalous dimensions for the Dirac fermions and the OP fields in the vicinity of the f+ is critical point are readily
obtained from the corresponding field-strength renormalization constants (15) and (19)
ηΨ =
1
2
(
(g∗1s)
2 + 3(g∗1t)
2
)
, ηχ = 2N(g
∗
2s)
2, η~ϕ = 2N(g
∗
1t)
2, ηϕ = η~χ = 0. (42)
VI. CRITICAL THEORY FOR THE TRANSITION INTO THE TRIPLET f-WAVE PAIRING STATE
As already announced, our results enable us to address the critical theory describing the quantum phase transition
of Dirac fermions into the triplet f -wave superconducting state. In this case the real and the imaginary OPs in the
triplet channel are the only critical bosonic degrees of freedom, and thus we set all the couplings in the singlet channel,
as well as the mixed singlet-triplet couplings to zero. The remaining Yukawa couplings we set equal g1t = g2t ≡ gt
as well as all the remaining quartic bosonic couplings, λ~ϕ = λ~χ ≡ λt. Using Eqs. (26) and (31), the corresponding
renormalization conditions for these two coupling constants read (notice that in this case Yukawa vertex does not
receive any vertex correction, same as near the s-wave criticality[2])
Z
1/2
~ϕ ZΨgt,0 = gt, (43)
Z2~ϕλt,0 + 24Ng
2
t
Nd
ǫ
− 7
3
λ2t
Nd
ǫ
= λt. (44)
Using these equations and the wavefunction renormalizations (15) and (19), after rescaling the coupling with Nd, we
obtain the infrared beta functions
βg2t = ǫg
2
t − 2(N + 3)g4t , (45)
βλt = ǫλt −
7
3
λ2t − 4Ng2t (λt − 6g2t ). (46)
These beta functions have only one fully stable fixed point in the critical plane (all masses are set to zero) which is
located at
(g∗1t)
2 =
ǫ
2(N + 3)
, λ∗t =
3ǫ
14(N + 3)
(√
(N − 3)2 + 56N − (N − 3)
)
, (47)
and since for any number of Dirac fermion flavours, the critical quartic coupling is positive, the transition to the
triplet f -wave superconducting state is always of the second order. The correlation length exponent can be readily
found from the renormalization condition
Z~ϕm
2
~ϕ,0 −
4
3
λtm
2
~ϕ = m
2
~ϕ, (48)
yielding
νt =
1
2
+
1
3
λ∗t +
N
2
(g∗t )
2. (49)
Finally, anomalous dimensions are readily obtained from the fermionic and bosonic wavefunction renormalizations
(15) and (19) and at the critical point are
ηΨ =
3ǫ
2(N + 3)
, η~ϕ =
Nǫ
N + 3
. (50)
These critical exponents are different from the ones obtained near the s-wave quantum-critical point.[2]
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